We show that the recently observed chirality in the charge ordered phase of TiSe2 can be understood as a form of orbital ordering. The microscopic mechanism driving the transition between the novel chiral state and the non-chiral charge density wave is discussed, and shown to be of a general form, thus allowing for a broad class of materials to display this type of orbitally ordered chiral charge density wave.
Introduction.-It has recently been suggested that the layered, quasi two-dimensional charge density wave (CDW) compound 1T-TiSe 2 may possess a chiral charge ordered phase [1, 2] . That is, the dominant propagation vector among the three components which make up the triple-q CDW phase of TiSe 2 , rotates as one progresses from one atomic layer to the next. Although chirality is a quite common property of spin density waves [3] , TiSe 2 so far seems to stand alone as a material in which the formation of a charge density wave is accompanied by the emergence of a helical symmetry. The reason that spin ordered states are so much more prone to being chiral is due to the vector nature of their order parameter: rotating one vector while propagating along another trivially yields a helical pattern. For the purely charge ordered state on the other hand, the order parameter is a scalar quantity, and it is not immediately obvious how it may give rise to a chiral state.
It is well known that the inversion symmetry of an atomic lattice may be spontaneously broken in charge ordered materials by the ionic displacements associated with the ordering. The combination of a commensurate CDW and a lattice without inversion symmetry gives rise to the emergence of ferroelectricity in materials like SnTe [4] . For a sliding, incommensurate CDW on the other hand, the breakdown of inversion symmetry in the lattice may lead to dramatic hysteresis effects such as that seen in NbSe 3 [5, 6] . The measurements of Ishioka et al. have now shown that it is also possible for a CDW to break inversion symmetry with an axial vector instead of a polar one, resulting in a chiral state [1, 2] .
In this paper, we will discuss the microscopic mechanism which underlies the formation of a chiral CDW in TiSe 2 , and point out that it is closely linked to the existence of orbital order in the chiral state. We will show that this type of combined orbital and charge order may in fact be expected to be a generic property of a broad class of CDW materials and discuss the prerequisites for finding chiral charge order in other materials.
Polarization.-Although TiSe 2 is the only known compound in which chirality arises from a charge density wave transition, there are other materials which have a chiral crystal structure. Of these, elemental Tellurium and Selenium stand out, because it has long been suggested that their chirality may be understood as originating from a charge density wave in a (non-existent) cubic parent phase [7] . In such a cubical structure, the two-third filled p-shell results in three bands crossing the Fermi energy, each dominated by a differently oriented p-orbital. These orbitals, to a first approximation, form non-interacting one-dimensional chains, so that their Fermi surfaces are well nested, and each of the three bands undergoes a Peierls transition with the same nesting vector Q.
Because the electron-phonon coupling is finite in any real material, the electronic Peierls instability is always accompanied by a corresponding periodic displacement of the ions in the underlying lattice. This periodic displacement wave (PDW) follows the redistribution of electronic charge in order to minimize Coulomb energy. The ability of the lattice distortions to align with the charge modulation however, is limited by the anisotropy of the electron-phonon coupling:
where the lattice distortion u( x) is related to the charge modulation α( x) through the electron-phonon coupling matrix elements η ij . The anisotropy of the p-orbitals in Te and Se leads to an anisotropic electron-phonon coupling for each orbital sector, which results in a partly transversal polarization of the displacement wave, as shown in Fig. 1 . Combining three such polarized PDWone for each orbital orientation-with the correct relative phase differences can be seen to result in the chiral lattice structure observed for elemental Te and Se [2, 7, 8] . The central role played by the vector nature of the PDW in Te and Se suggests that also the occurrence of the chiral phase in TiSe 2 may be connected to the polarization directions of its displacement waves. Although the mechanism driving the CDW formation in TiSe 2 remains uncertain even after decades of study [9] [10] [11] [12] [13] [14] [15] [16] , it is clear that the transition is accompanied by a transfer of electronic spectral weight from the maximum of the Se 4p band at the centre of the first Brillouin zone to the three minima of the Ti 3d bands at the zone arXiv:1106.1930v1 [cond-mat.str-el] 9 Jun 2011 le distortions, the CDW tion of individual modes: n a lattice is necessarily distortion of that lattice.
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III Elemental Tellurium
In this section we will consider elemental Tellurium as a model system for the chiral phase in TiSe2. Tellurium does not have a charge density wave transition. It has only a single, chiral, crystal structure for any temperature between zero and its melting point. However, we can think of the chiral crystal structure in Te as arising from the triple-q CDW instability of an imaginary, simple cubic 'parent' structure ! [5] . In fact Polonium, which is iso-electronic to Tellurium and sits just below it in the periodic table, does have a simple cubic structure (but not a chiral phase). The nominal valence of the Te atoms in the imaginary simple cubic structure is 5p 4 , so that the 5p orbitals are ⅔ filled on each site. The p orbitals in a simple cubic lattice have rather anisotropic overlap integrals. Along the elongation direction of the orbitals, there are strong #-bonds, while perpendicular to that direction, only much weaker !-bonds are formed. To a first order approximation, we . Left: in a purely isotropic system the lattice distortions move the ions directly towards the charge maxima, and the strain wave is purely longitudinal. Right: if the lattice consists of anisotropic orbitals, the strain wave may acquire transversal components due to the electron-phonon coupling matrix elements.
boundaries [12] . Using a tight-binding fit to the known band structure of TiSe 2 [17] , we can determine the orbital character of these bands. As is shown in Fig. 2 , the electrons at the L point come predominantly from a single type of Ti t 2g orbital. Looking at the other two inequivalent L points, we see that the orbital character changes as we go around the Brillouin zone (see Fig. 2 ). The same picture holds for the hole states at the Γ point, which are dominated by different Se 4p orbitals at each side. Thus the three propagation vectors of the CDW in TiSe 2 (the three inequivalent Γ-L vectors) cause charge transfer in three distinct orbital sectors, in close analogy to the situation in elemental Tellurium. In fact, as shown in Fig. 2 , the relative orientations of the t 2g and p-orbitals forces the displacement waves in TiSe 2 to be purely transversal. The PDW in TiSe 2 may thus be written as the sum of three components u i = u 0ˆ i cos( q i · x + ϕ i ), with three different sets of propagation vectors and polarizations. The values of the relative phases ϕ i remain to be determined.
Relative Phases.-We construct a Ginzburg-Landau theory to describe the microscopic interactions between the electronic density modulations and the lattice, which determine the relative phases of the PDW components. The order parameter consists of the modulation α( x) of the average charge density, which can be written as a sum of three complex components ψ j = ψ 0 e i qj · x+ϕj . If we assume the amplitudes of all components to be equal and fix the propagation vectors at their preferred values, the free energy in its most general form can be written as [18] : The cross terms in the last line signify the competition between the various CDW components over the available Fermi surface, which determines whether the structure will be of the single-q or triple-q form [18] . For the evaluation of the integrals it is essential to take into account the Umklapp processes associated with the presence of a discrete lattice. This can be done by forcing the spatially varying part of the coefficients to reflect the symmetry of the lattice, as well as the internal structure of the unit cell [18] :
Here G i are the shortest reciprocal lattice vectors and R Se1,2 denote the positons of the two Se atoms within the unit cell. The factor γ reflects the difference between the electron-phonon couplings on the Ti and Se sites. Higher order terms in the expansion include longer reciprocal lattice vectors. Evaluating the integrals of equation (2) yields: where we retained only the leading Umklapp terms. In this expression, both the coupling of the individual CDW components to the lattice and the interaction between them come from Umklapp effects. This can be contrasted with the case of elemental Te or Se, where the interaction between orbital components is proportional to a 0 and thus directly due to the Coulomb energy [8] . For TiSe 2 , the CDW involves charge transfer within the unit cell only, so that the total charge of each unit cell is automatically zero, even though the total charge density on individual atoms may not be zero. The term proportional to c 2 is required to minimize the resulting on-site Coulomb energy within the unit cell. Minimizing the integrated free energy with respect to the phase variables yields the solutions:
These solutions represent the chiral phases of TiSe 2 , with the sign of the last variable determining the handedness. If the argument of the inverse cosine is less than −1, the lowest energy solution instead becomes the non-chiral triple-q mode given by ϕ 1 = ϕ 2 = ϕ 3 = π/2. The Chiral Phase.-To visualize the chiral solution given above, we show on the right of Fig. 3 the position of the maximum displacement wave amplitudes along the axis perpendicular to the Ti and Se sheets. In the usual, non-chiral triple-q state all orbital components share the same phase, and the maximum atomic displacements all occur in the Ti layer. As we enter into the the chiral solution, the relative phase differences become nonzero, and they grow as the CDW amplitude continues to increase. The chirality of this phase can be clearly seen by considering the rotation of the dominant displacement direction as one traverses the material from the bottom Se layer to the top.
Alternatively, we can visualize the chiral phase by considering the occupation of the Ti t 2g and Se p orbitals. As the polarizations of the PDW components are directly linked to the orbitals involved, the dominant displacement direction in each atomic layer in the chiral phase corresponds to a maximum change in occupation for a single set of orbitals in that layer. Drawing the most affected orbitals in each layer then shows that the chiral phase is also an orbital ordered state, in which the plane containing these orbitals rotates between consecutive atomic layers (see Fig. 4 ). The same type of orbital order can also be identified in elemental Te and Se [7, 8] . Indeed, since any chiral CDW will necessarily consist of components with different displacement wave polarizations, the formation of orbital order along with any chiral charge order is inevitable.
The condition which determines whether or not the chiral phase is a stable solution can be rewritten as a transition temperature separating the chiral phase from the usual triple-q mode. This yields a phase diagram where we first go from the uniform, high temperature state to the non-chiral triple-q CDW at a critical temperature T CDW , and only then enter into the chiral phase at a lower temperature T Chiral :
where we used the definition a 0 =ã(T − T CDW ) + a 1 (1 − γ). In the absence of experimental estimates for the various Ginzburg-Landau parameters, we cannot make a quantitative prediction for T Chiral . However, the chiral phase has been observed at 84 K [1] , while the initial T CDW is well known to be 202 K. The transition from the non-chiral to the chiral phase must lie somewhere in between. From the expression of the free energy above, it is straightforward to see that this must be a second order phase transition. If T Chiral turns out to differ substantially from T CDW , higher order terms in the GinzburgLandau expansion may become relevant.
To observe the predicted phase transition between the two CDW phases of TiSe 2 , various experimental techniques can be used. It was shown already that STM can directly image the chiral charge order [1] . Imaging the surface while the sample is being heated should thus yield a direct observation of the transition. Reflectometry may be used as an indirect probe of the chirality, since it shows the reduction of the usual three-fold symmetry of triple-q modes to the two-fold symmetry of a chiral state [1] . This lowering of the lattice symmetry should also be visible in diffraction experiments by the emergence of previously forbidden peaks. The space group of TiSe 2 is lowered from P3m1 to P3c1 as the non-chiral CDW forms [19] . The chiral phase breaks the symmetry down further, so that only a P 2 space group remains. Alternatively, one could use the atomic pair distribution functions obtained in diffraction experiments to directly gauge the atomic positions. In the chiral phase the displacements in each layer are dominated by a single propagation vector, rather than the equal contributions from three vectors in the non-chiral phase. Finally, the orbital-specific nature of resonant inelastic X-ray scattering (RIXS) experiments may be used to probe the orbital order associated with the chiral phase.
The chiral order also allows for topological excitations. These come about because each layer in the TiSe 2 'sandwich' is dominated by a particular displacement direction. Different domains in the material may have varying handedness of the chirality as well as a different dominant CDW vector in the central Ti layer. A topological defect is formed when three domains with different CDW vectors meet at a point. This defect is somewhat similar to the vortices seen in phases with broken continuous U(1) symmetry (such as superconductors or superfluids), although in the present case there are only three distinct displacement directions.
Conclusions.-We have shown that the recently observed chirality in the charge ordered phase of TiSe 2 may be understood as a result of the interaction between three differently polarized displacement waves. The transversal polarizations of these waves are due to the relative orientations of the electronic orbitals involved in the charge transfer process that underlies the CDW formation. This central role played by the orbitals is reflected in the fact that the chiral charge order can equivalently be described as an orbital ordered state.
The part of the Ginzburg-Landau free energy that drives the formation of a chiral phase consists of generic Coulomb and Umklapp (electron-lattice coupling) terms. It is thus expected that a chiral CDW phase exists in many more materials which meet the basic prerequisites for displaying such a charge ordered state. To create a chiral pattern, a CDW must consist of at least three components with different polarizations of the associated lattice displacements [20] . Additionally, the shifts of the displacement waves resulting from the introduction of relative phases must have a common component which defines a propagation vector for the chiral state. Since the energetic avantage of the chiral state arises at least partly from Umklapp processes, it may also be expected that commensurate CDW materials are more prone to the formation of chiral order than incommensurate ones. One interesting material which does not have a CDW instability, but satisfies all other requirements, is 1T-TiTe 2 . Since it has the same structure as TiSe 2 , the series of compounds TiTe 2−x Se x should continuously interpolate between the two extremes, and thus have a chiral quantum critical point at some critical doping level x C .
The general nature of the terms in the free energy that drive the transition, in combination with the relatively short list of required material properties, suggests that there may well be a broad class of materials with a chiral charge and orbital ordered phase.
